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Abstract
Several tests for cointegration among non-stationary financial time series have been
developed including the Dicky Fuller (1979) unit root tests, the Cointegration Regression
Durbin-Watson test (1983), the Wild Bootstrap test (2003) and the Johansen likelihood
ratio tests (1988). The Johensen tests appeared to provide superior results when the
tests were originally applied to situations where the cointegration errors were normally
distributed. However, substantial empirical evidence shows that financial time series tend
to be non-normal in their distribution which may, in turn, lead to non-normal GARCH
type cointegration error distributions. The question addressed in this paper is whether
the Johansen’s tests are still more powerful than the alternative tests when the underlying
cointegration errors are non-normally distributed. Our simulation results indicate that the
performance of power of the Johansen’s tests in capturing cointegration between financial
time series is still higher than alternative tests even when the cointegration errors are not
normally distributed (a skewed student-t distribution gives the best results). However,
the best size performance is given by the Dicky Fuller test using the skewed generalized
error distribution.
Key words: Cointegration test, GARCH Model, Heteroskedasticity
1 Introduction
Cointegrated methods are now widely employed in econometrics and financial time series to inves-
tigate if among non-normally distributed, non-stationary series there may exist a combination of the
series which is stationary. If there exists a linear combination of these time series that are integrated of
order zero (T(0)), then such a system implies a long-run stationary equilibrium relationship between
them despite short-run deviations from that equilibrium relationship.
1 Email address: ck691@uowmail.edu.au.
2 Email address: yanxia@uow.edu.au
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Financial return time series frequently exhibit non-normality due to skewness, leptokurtosis and
heavy tail. Engle (1982) and Bollerslev (1986) developed a generalized autoregressive conditional het-
eroskedasticity (GARCH) model (Engle, 1982: Bollerslev, 1986) to capture the conditional variances
in the underlying return time series. The GARCH model was firstly developed by assuming that
the random errors in model have normal conditional distribution and subsequently extended to has
non-normal conditional distributions.
The initial cointegration assumed that the cointegration errors could be fitted by a GARCH(1,1)
model with normal random error distributions. A number of tests developed and used to examine
the cointegration relationships among time series, including the Dickey Fuller (DF: Dickey and Fuller,
1979) unit root tests, Cointegration Regression Durbin-Watson test (CRDW: Sargan and Bhargava,
1983), the Johansen’s likelihood ratio tests (λtrace(Johansen trace test) and λmax (Johansen maximum
eigenvalue test): Johansen, 1988) and the Wild Bootstrap test (WB: Gerolimetto and Procidano,
2003). The performance of size and power of cointegration tests have been examined with various
GARCH error assumptions. Kim and Schmidt (1993) investigated the size of cointegration when
the cointegration errors followed a GARCH model with normal random error distributions. They
found that the DF tests tend to overreject the null hypothesis of no cointegration in the presence of
GARCH errors. Lee and Tse (1996) examined the performance of Johansen’s likelihood ratio tests for
cointegration when cointegration errors are fitted by GARCH(1,1) model with normal and student-
t random error distributions. They compared the size and power of the Johansen’s tests with other
cointegration tests, DF tests and CRDW test. They reported that although the Johansen cointegration
tests tend to overreject the null hypothesis of no cointegration, the power of the Johansen’s tests
remained higher than the other two tests when the cointegration errors were fitted by GARCH(1,1)
model with normal error distributions. Moreover, Gerolimetto and Procidano (2003) examined the
WB test compared with DF tests, CRDW test and Johansen’s tests when the cointegration errors
followed by a GARCH(1,1) model with normal random error distributions. Their conclusions were the
same as Lee and Tse ’s works when comparing the Johanses’s tests with the other three cointegration
tests.
As we know, the empirical distributions of financial time series are significantly non-normal which
exhibit skewness and heavy tail. Numerous heavy tail distributions have been identified from financial
time series and applied in modeling and estimating GARCH models. Cheung and Lai (1993) and
Gonzalo (1994) examined the effect of non-Gaussian error distribution on the performance of the
Johansen’s cointegration tests. They found that the Johansen tests are robust to both skewness
and excess kurtosis in cointegration errors. Our study is an extension ideas of their previous works
whether the performance of Johansen’s tests remain higher compare with the other cointegration tests
when the cointegration errors followed a GARCH(1,1) model with normal and non-normal randon
error distributions. In this paper, we extend the work by Lee and Tse (1996) as well as the work of
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Gerolimetto and Procidano (2003).
Kosapattarapim et al. (2011) studied the volatility forecasting when the GARCH error terms
were fitted by the six different types of error distributions, normal(N), skewed normal(SN), student-
t(STD), skewed student-t(SSTD), generalized error distribution(GED) and skewed generalized error
distribution(SGED). We will continue to use these six types of error distributions in this paper to
investigate whether these six types of error distributions impact on the performance of the size and
power of cointegration tests. We take into account the skewness, excess kurtosis of financial data and
generate the data from error correction model (ECM) when cointegration errors fitted by GARCH(1,1)
with above six types of error distributions. We investigate the size and power of the Johansen trace test
(trace,hereafter) and the Johansen maximum eigenvalue test (maxeigen). For comparison purpose,
the DF (tρ̂) statistic, T (ρ̂− 1), the CRDW and the WB test are also considered in this study.
The aim of this paper is to investigate which cointegration test is the most powerful in detecting
cointegration relationship when the cointegration errors follow GARCH model with non-normal error
distribution. This paper is organized as follows. The next section, we use closing price indices from
Thailand (SET) and Malaysia (KLCI) to demonstrates an evidence that two nonstationary financial
time series are cointegrated and their cointegration errors follow GARCH(1,1) with skewed student-t
error distribution. In order to investigate the performance of size and power of the cointegration tests,
the Monte Carlo simulations are used. The simulation experiments are described in Section 3. The
simulation results are presented in Section 4. Finally, the last section gives our conclusions.
2 An empirical example of cointegration errors fitted by
GARCH model with non-normal error distribution
The purpose of this section is to identify if there exists financial times series which are cointegrated
and the cointegration errors can be fitted by a GARCH models with one of the six types of error
distributions mentioned in Section 1. We show an empirical example where returns are cointegrated
and the cointegration errors fitted by a GARCH model with skewed student-t error distribution. The
Johansen cointegration tests are used in this study.
The Johansen cointegration tests were developed by Johansen (1988) and used for testing the
number of cointegration relation (Johansen, 1991). It is based on the Vector Autoregression (VAR)
approach and the maximum likelihood procedure. The first step of the Johansen tests is to use the
Akaike Information Criterion (AIC) to identify a VAR model with the appropriated lag length for
underlying series. The second step is to determine the number of cointegrating relations in underlying
series based on the VAR model. Either the trace (λtrace) or maximum eigenvalue (λmax) statistics
are used to test the cointegration relations. When the trace statistics is used, the null hypothesis of
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the test is that there are at most r cointegrating relations against the alternative of n cointegrating
relation, where n is the number of entry of underlying time series vector r = 0, 1, 2, . . . , n−1 (Johansen
and Juselius; 1990). While the null hypothesis of maximum eigenvalue statistics test is that there are r
cointegrating relations against the alternative of r +1 cointegrating relations. If the tested time series
are cointegrated, the VAR model will be transformed into a Vector Error Correction Model (VECM)
which can be used to analyze the short-run and long-run relationship among the tested time series.
In this Section, we investigate two closing price indices from Thailand (SET) and Malaysia
(KLCI). Each stock data employed in this study comprise 1,133 daily closing price from 1/07/1998
to 31/12/2002. We show that the price indexes SET and KLCI stock are cointegrated and their
cointegration errors satisfy a GARCH model with SSTD error distribution.
In preparation for the Johansen cointegration analysis, two stock market indices need to be tested
whether all data series are nonstationary with the same integrated order. The Augmented Dicky-Fuller
test (ADF) is applied to each log of closing price index and return series. After the first differences,
we also have to examine whether both two stock indices are integrated of order one I(1). The results
are reported in Table 1.
Table 1: Unit root test results for two stock indices
Log Price Return
Stock market t-prob t-ADF t-prob t-ADF
SET 0.0416 0.2552 0.0366 -9.9906∗∗
KLCI 0.0051 0.4673 0.0062 -14.9220∗∗
Notes: Return series are defined by rt = ln[pt/pt−1] and pt denotes the closing price of index.
From Table 1, the ADF statistics of Log Price are clearly not significant but the ADF statistics
of Return are significant. This implies that Log Price series of two stocks are nonstationary while
returns of two stock indices are stationary. Therefore, both two stock indices are I(1).
The second step of the Johansen test is to specify an appropriate lag length of VAR system. We
examine the cointegrated analysis between SET and KLCI. The hypothesis for autocorrelation tests
have been used. If the null hypothesis cannot be rejected, it will mean that statistically, there is no
error autocorrelation in the model. A VAR(8) model is chosen for our data.
To determine whether SET and KLCI are cointegrated and the number of cointegrating vector,
the Johansen’s tests are employed. Two tests, trace test (λtrace) and the maximum eigenvalue test
(λmax), are considered. The values of tests statistics are presented in Table 2.
From Table 2, we should not expect two Jonhansen’s tests will provide the same conclusion. The
trace and maximum eigenvalue statistics might give different cointegration test results. The value of
λtrace is 6.82 which is less than the 5% critical value (8.18). We cannot reject the null hypothesis at
5% significant level. It indicates that there are not more than one cointegrating relation at 5% level.
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Table 2: Results and Critical Values for the λtrace and λmax test
H0 H1 λtrace CV(trace,5%) λmax CV(max,5%)
r = 0 r > 0 18.54∗∗ 17.95 11.72 14.90
r ≤ 1 r > 1 6.82 8.18 6.82 8.18
Notes: ** denotes rejection of null hypothesis at 5% level.
But the value of λmax is not significant at 5% level. By using λtrace, we conclude that there is only
one cointegrating relation for SET and KLCI.
The cointegrating coefficient vector is given as, β′ = (1.0000,-0.7532) and normalized cointegration
equation with respect to SET is shown in the equation below :
SET = 0.7532KLCI + et (2.1)
where et is the cointegration errors. The eight lag lengths of the series in VECM model (VECM(8))
are determined according to the autocorrelation test. We use PcGiven program to obtain the residuals
of the VECM(8) and fit the residuals by GARCH(p,q) models. According to the results of sensitivity
analysis (Kosapattarapim et al, 2011), the order of the best fitted GARCH model is not sensitive to
the type of error distribution in the underlying GARCH model. In this study, the order of the best
fitted model is determined base on normal error distribution. It was found that a GARCH(1,1) is the
best fitted model for the residuals. Considering the particular six types of error distributions, N, SN,
STD, SSTD, GED and SGED, we investigate which type of error distribution in the GARCH(1,1)
model provides the smallest AIC values. The results of AIC values are reported in Tables 3.
Table 3: AIC values given by GARCH(1,1) with different type of error distributions
Normal Skewd normal Student-t Skewed Student-t GED Skewed GED
-5.2791 -5.2842 -5.3132 -5.3166 -5.3123 -5.3163
Table 3 shows that, based on AIC criterion, GARCH(1,1) with Skewed student-t (SSTD) is the best
fitted GARCH model for the residuals in VECM. The estimations of parameters in the GARCH(1,1)
model with SSTD error are reported in Table 4. All parameters in Table 4 are significant at 5% level.
The results confirm that the residuals in VECM can be well fitted by a GARCH model with SSTD
error distribution.
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Table 4: Estimated parameters and diagnostic of GARCH(1,1)model with SSTD
GARCH(1,1) parameter Coefficient P-value
ω 1.168∗10−5 0.06687∗
α1 1.213∗10−1 0.00022∗ ∗ ∗
β1 8.500∗10−1 < 2∗10−16∗∗∗
ξ 1.103 < 2∗10−16∗∗∗
ν 7.437 < 2.01∗10−6∗∗∗
LM Test 6.396 0.9723
Q(15) 5.685 0.9311
Notes: The GARCH(1,1) model is defined by (3.4)-(3.5), the ξ and ν are skewness and shape
parameter of SSTD respectively.
3 Simulation design
This Section deal with the comparable performance of size and power of the cointegration tests
(Johansen, DF, CRDW and WB tests) when the cointegration errors follow GARCH(1,1) model with
six different types of error distributions respectively. The comparison study is carried out by simulation
approach.
The size of the tests are evaluated by the frequency of the null hypothesis stating that truly non-
cointegrated is not cointegrated is rejected in 10,000 trials. For the power of the test, it is evaluated
by the frequency that the null hypothesis stating that truly cointegrated is not cointegrated is rejected
in 10,000 trials.
To examine the size of the tests, we simulated samples from a non-cointegrated system Xt =
(x1t, x2t) with GARCH(1,1) error. The system is given by.
∆x1t = e1t (3.2)
∆x2t = e2t (3.3)




hit = ωi + αie2it−1 + βihit−1, (3.5)
where hit is the variance conditional on information available up to time t− 1 and ηit are i.i.d. with
E(ηit) = 0, V ar(ηit) = 1 for i=1,2 and t=1,2,. . . ,T+d. The first d = 500 observations are discarded.
We independently simulated 10,000 samples with size T = 100 and 1,000 respectively from the system
and apply the four cointegration tests (Johansen, DF, CRDW and WB tests) to the simulated data.
The comparisons of the frequency of rejection non cointegration crossing the four tests are carried out.
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In terms of size of the tests, we expect the minimum of proportion of rejection the null hypothesis.
To examine the power of a cointegration tests, we generate data from a bivariate cointegrated
system as follows
∆x1t = −0.2(x1,t−1 − x2,t−1) + e1t (3.6)
∆x2t = e2t (3.7)
where the errors e1t and e2t follow GARCH(1,1) model from (3.4) and (3.5) respectively. The frequency
of rejections non cointegration are counted. If a test is robust and powerful then we expect to obtain
the higher proportion of rejection the null hypothesis. We independently simulated 10,000 samples
with size T=100 and 1,000 observations respectively from (3.6) and (3.7). Then the four cointegration
tests are applied to the simulated data.
In our simulation studies, two sets of GARCH(1,1) parameter (ωi, αi, βi), i = 1, 2, are considered.
To simplify the notation, we use the same notation of ht and (ω, α, β) in each simulation, omitting
the index i in reporting results. The two sets of GARCH(1,1) parameters in this simulation study are
(0.1, 0.3, 0.6) and (0.1, 0.65, 0.05). The probability distributions of the errors in GARCH models (e1t
and e2t) are Normal, Skewed normal, Student-t, Skewed Student, GED and Skewed GED respectively.
4 Results
Table 5 reports the results on the size of the tests when the errors e1t and e2t follow six types of
errors in GARCH(1,1) model. The values of skewness of the SN, SSTD and SGED distribution are
chosen as 0.1, 0.5 and 3 respectively. The degree of freedoms (υ) for Student-t distribution are 5 and 8
respectively. These values of υ are also considered by Lee and Tse (1996) in their work. The kurtosis
of the Student-t density is given by 3(υ− 2)/(υ− 4) for υ > 4; it is 9 for υ = 5 and 4.5 for υ = 8. The
shape parameter of the SN, GED and SGED is equal to 3.
The size distortion decreases when the sample size (T ) increases. When (α + β) is larger, the size
distortion is larger too. In terms of skewed distribution, when the scale of skewness is increased, the
size distortion is not different significantly. For the different cointegration tests, the DF test with (tρ̂)
is smaller than the others. The size distortion of DF tests becomes small when using SGED error
distribution.
We also investigate the power of the tests for all cointegration tests under the presence of GARCH(1,1)
model. Results are reported in Table 6. The power of the Johansen tests for T = 100 is higher than
all other cointegration tests. Particularly, the performance of λmax is slightly more powerful than the
λtrace, but not different significantly. According to Table 5, the size distortion of DF tests is outper-
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































(see Table 6 with T = 100).
The power of Johanses’s test remain higher compared with the other cointegration tests. Par-
ticularly, the power of the Johansen tests slightly increase when the cointegrating errors follow
GARCH(1,1) with skewed student-t error distribution.
5 Conclusion
We examined the performance of four cointegration tests under the presence of GARCH model
with six types of error distributions by simulations. These tests tend to overreject the null hypothesis
of no cointegration. The size distortion can be improved by the Dickey-Fuller tests but the power
performance of DF tests is significantly lower than the other cointegration tests. The size distortion
of Dickey-Fuller tests tend to be smaller for the errors of GARCH model with skewed generalized
error distribution. The power of Johansen’s tests provide the best performance compare with other
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